Abstract In this work, we present a phase space analysis of a spatially flat Friedmann −Robertson−Walker (FRW) model in which the dark matter fluid is modeled as an imperfect fluid having bulk viscosity. The bulk viscosity is governed by the Maxwell−Cattaneo approach. The rest of the components of the model: radiation and dark energy are treated as perfect fluids. Imposing a complete cosmological dynamics and taking into account a recent constraint on the dark matter equation of state (EOS), we obtain bound on the bulk viscosity. The results point towards the possibility of describing not only the current speed up of the Universe but also the previous matter and radiation dominated eras.
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1 , and on the other the impossibility of explaining those results that point to a phantom Universe [7] .
Another interesting way to recover accelerated solutions consistent with the latest observations, is by considering a more realistic description of the fluids. This task is carry out by considering imperfect fluids having bulk viscosity [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25] 2 . The presence of this dissipative mechanism is allowed by the commonly accepted spatial isotropic paradigm of the Universe [7] . At background level, in an expanding spatially flat FRW Universe the presence bulk viscosity introduce a modification to the effective pressure of the cosmic fluids, namely:
where p k is the kinetic pressure of the fluid, and Π is bulk viscous pressure. Hence, the background dynamics of the model is modified because the changes introduced in the density evolution of the viscous fluid. The simplest approach to treat this extra bulk viscosity pressure term in (2) is the Eckart formalism [30] , where, the bulk viscosity pressure is define as:
where H is the Hubble parameter and ζ is the bulk viscosity coefficient. Although this formalism has been widely used at background and perturbative levels [31, 32, 33, 34, 35, 36, 37, 38, 39] , its main drawback is related with its non-causal behavior allowing superlumincal propagation of the dissipative signal. A causal extension of the Eckart formalism is the so-called Israel-Stewart
1 Some solutions to the cosmological constant problems have been proposed, see for instance [10, 11] 2 For extend reviews about bulk viscosity in cosmology see [26, 27, 28, 29] and references therein theory [40] . The main difference between both formalism is that in the latter the transport equations are differential evolution equations 3 , meaning that in the Israel-Stewart case the bulk viscosity pressure obeys:
where τ is the relaxation time and T is the barotropic temperature of the viscous fluid. For barotropic fluids with a constant barotropic index, γ = 1 + w, the relaxation time can be reduce to:
where ρ v and γ v is the energy density and the barotropic index of the viscous fluid. At the same time, the Gibbs integrability condition [41] allows to calculate de temperature, T , as:
If the near the equilibrium condition | Π |≪ ρ v is applied to (3) then a truncated version of the Israel−Stewart theory is obtained. This causal approach [42] , known as Maxwell-Cattaneo equation [43, 44, 41] , leads to the following simplified transport equation 4 :
Concerning the bulk viscosity coefficient, in the literature, the main ansatz is
This a direct consequence of considering calculation from the kinetic theory, where transport coefficients are function of powers of the temperature ζ = ζ(T ) [46, 47, 42, 48, 49, 41, 50] . Another possibility is
where the bulk viscosity coefficient is written as a function of the Hubble paramater [51, 52, 53, 37, 20, 54, 55, 56] , via de Friedmann equations. In the framework of the Eckart theory, this latter ansatz was studied in [37] to describe the physical viability of a cosmological model in which the dark energy fluid interact with a viscous dark matter. Joint analysis of the observational test and the phase space consistently point to negative values of the bulk viscosity coefficient. These results ruled out any model with this ansatz. In [54] , the same ansatz was explored in the framework of non−linear extension of the Israel−Stewart formalism proposed by [57] . The authors found that in the case of a viscous radiation is possible to obtain orbits capable of connecting a radiationdominated era with a matter-dominated transient era to finally evolve to an accelerated expansion solution.
More recently, in [56] the authors proposed three viscous dark energy models in the Eckart formalism to characterize the current speed up of the Universe. The free parameters of the models were constrained with a wide set of cosmological observations, finding a small deviation from the standard cosmological model being able to alleviate the tension in the present value of the Hubble parameter between the Hubble Space Telescope and the global measurement by the Planck Satellite.
The main objective of the present work is to describe the space of solution of an expanding FRW model in the framework of a causal Maxwell-Cattaneo approach. We the aim of generalizing the previous results obtained in [37] , in the non-causal Eckart formalism, we will choose the bulk viscosity as ζ = ζ(H). We will not consider the interaction between the dark matter and dark energy fluids. In this sense, our work will provide a sort of bridge between the non-causal and the causal non−linear description studied in [37] and [54] respectively. This paper is organized as follows: the field equations of the model are presented in Section 2. In Section 3 we rewrite the field equations by using an appropriate set of dimensionless phase space variables. The corresponding autonomous system is studied by means of the dynamical systems tools. A detailed scheme of the critical points of the system and their existence and stability is shown. We focus our discussion on the viability of a complete cosmological dynamics [37, 58] . Finally, Section 4 is devoted to conclusions.
The model
Our starting point is a spatially flat FRW model in which the dark matter fluid is modeled as an imperfect fluid having a bulk viscosity in the framework of Maxwell-Cattaneo approach. Whereas the other fluids considered in the model: radiation and dark energy, will be treated as perfect fluids. Thus, the field equation can be written as:
where G is the Newton gravitational constant, H the Hubble parameter, (ρ dm , ρ r , ρ de ) are the energy densities of dark matter, radiation and DE fluid components respectively. Whereas, γ de is the barotropic index of the equation of state (EOS) of DE, which is defined from the relationship p de = (γ de − 1)ρ de , where p de is the pressure of DE. The term Π in (10 and 13) is the bulk viscosity pressure term. The evolution of this latter term is given, in the framework of the MaxwellCattaneo approach, by (6) identifying ρ v as ρ dm
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As we mentioned before, we take the bulk viscous coefficient ζ to be proportional to Hubble parameter in the form:
where in order to guarantee nonviolation of the Local Second Law of Thermodynamics (LSLT) [41, 59, 60] , ξ 0 ≥ 0.
Dynamical System
In order to study all possible cosmological scenarios of the model (10-13), we introduce the following dimensionless phase space variables to build an autonomous dynamical system: (15) then the equation of motion can be written in the following, equivalent, form:
where the derivatives are with respect to the e-folding number N ≡ ln a and we have reduced one degree of freedom, Ω r = 8πG 3H 2 ρ r = 1 − x − y, by using the Friedmann constraint (9) .
The phase space of Eqs. (16) (17) can be defined as
where we have imposed the conditions that fluid components be positive, definite, and bounded at all times. In order to discuss the dynamics associated with the critical points of the autonomous system (16-18), we need to introduce some cosmological parameter of interest, such as the deceleration parameter (q = −(1 + H/H 2 )) and the effective EOS (w ef f ) in terms of the dimensionless variables (15) . Following this, they can be expressed as:
The autonomous system (16-18) admits five critical points which are shown in Table 1 , whereas the corresponding eigenvalues of the linear perturbation matrix and some important parameters are displayed in Table  2 . In order to discuss the existence and stability behavior of the critical points P 1 −P 5 , here we summarized their basic properties.
Critical points and stability
Critical point P 1 represents a solution dominated by the dark matter component (x = Ω m = 1) and always exist. However, a background level this solution behave as stiff matter, namely 1 < w ef f < ∞ (2 < q < ∞). The limit case of w ef f ≈ 1 corresponds to extremely high values of the bulk viscosity parameter, ξ 0 → ∞, while w ef f ≈ ∞ corresponds to very small values of it, ξ 0 → 0. This solution is always unstable for all realistic dark energy fluid, w de < −1/3 (γ de < 2/3).
P 2 corresponds to a decelerating solution (w ef f = 1/3, q = 1) dominated by the radiation component, Ω r = 1 and always exists. As Table 2 shows, this point is always saddle since its eigenvalues have opposite signs. P 3 represents a dark matter solution (x = Ω m = 1) and always exists. But unlike P 1 , a background level this solutions is able to mimic decelerated and accelerated solutions, namely −1 < w ef f ≤ 0. The standard matter-domination period , w ef f = 0 and q = 1/2, corresponds to the limit ξ 0 = 0 while the quintessence like solutions, −1 < w ef f < −1/3, are recovery for ξ 0 > 3/8. As Tables 1 shows, these accelerated solutions are possible in the absence of the dark energy component, Ω de = y = 0. Critical point P 3 exhibits two different stability behaviors:
1. Decelerating region, −1/3 < w ef f ≤ 0: (19) , and stability of the critical points of the autonomous system (16)- (17) . The eigenvalues of the linear perturbation matrix associated to each of the following critical points are displayed in Table 2 . We have introduced the definition A = 4ξ 2 0 + 1
Saddle see section 3.1 Table 2 Eigenvalues and some basic physical parameters for the critical points listed in Table 1 , see also Eqs. (20) and (21). We have introduced the definition B = γ de γ de −4ξ 0 (γ de − 1) (γ de − 2) 2 + 5γ
2. Quintessence region, −1 < w ef f < −1/3:
Critical point P 4 corresponds to a solution dominated by the dark energy fluid Ω de = 1 and always exists. For all realistic dark energy fluid, w de < −1/3, P 4 represents an accelerated solutions. In the phantom region, w de < −1(γ de < 0) this solution is stable. Whereas, in the quintessence region, −1 < w de < 2/3 (0 < γ de < 2/3), P 4 behave as saddle solution.
Finally, P 5 represents and scaling solution between dark matter and dark energy and exists when:
A background level, this critical point is able to mimic accelerated solutions in the quintessence and de Sitter regions:
de Sitter region, w de = −1 (γ de = 0). As Table 1 and 2 show, in this limit case, P 5 and P 4 are the same critical point. Under this value of the barotropic index this point behaves as a nonhyperbolic critical point with a two dimensional stable manifold (λ 1 = −4, λ 2 = 0 and λ 3 = −6). In this case, the standard linear dynamical systems analysis fails to be applied, then we will rely our analysis on numerical inspection of the phase portrait.
Cosmology evolution
In order to make a complete description of the evolution of the Universe, we must demand that our model is able to reproduce three different periods from early to late times, namely:
From the dynamical system point of view, every one of this periods is represented by a critical point and the corresponding transitions between them correspond to heteroclinic orbits. As Table 1 shows, the unstable nature of the dark matter stiff solution P 1 , guarantees it can be, at early times, the source of any solution in the phase space for any value of the bulk viscosity parameter, ξ 0 , and for every realistic dark energy fluid (γ de < 2/3). Its stiff matter behavior can be understood because of the effect of the viscous pressure Π. As Table 1 shows, at early times, the viscous pressure contributed with a positive pressure as A = 4ξ 2 0 + 1
. The condition for a radiation-dominated era, RDE, (Ω r = 1) is fulfilled by P 2 . Its saddle behavior, inde-
pendently of the values of ξ 0 and γ de , means that is possible to find appropriate initial conditions allowing us to connect this RDE critical point with the unstable stiff matter solution P 1 . In the case of this RDE solution, the viscous pressure has no effect in its existence or stability behavior, namely z = 0, thus Π = 0.
In order to describe the formation of cosmic structures, the existence of a MDE, at intermediate stage of the evolution of the Universe, is needed. This period of matter domination can be recovered by P 1 or P 3 . As we mentioned before, the unstable nature of P 1 and the requirement of a previous period of radiation domination, ruled out this point as a true candidate to describe the MDE. On the other hand, P 3 is able to reproduce a decelerating solution dominated by the dark matter component if 0 < ξ 0 < 3/8. Following [39] , we will constrain the possible values of ξ 0 to fulfill a true MDE (w ef f ≈ 0) by considering a bound on the dark matter EOS by [61] using the latest Planck results [7] . This result establishes, a 3σ, that:−0.000896 < w dm < 0.00238. Combining this result with the constraints found in the previous section allowing a saddle behavior for P 3 , we obtain the region:
meaning that a true MDE demands a very small contribution of the bulk viscosity 7 . Another interesting characteristic of P 3 is that, if the conditions 0
are fulfilled, then P 3 is able to reproduce an stable accelerated solution in the quintessence region being a candidate to explain the late time speed up of the Universe. This requieres higher values of the bulk viscosity parameter than those required for a MDE era, hence, the viscous pressure contributed with an appreciable negative pressure (z < 0, Π < 0). Despite this characteristic, as Table 1 and 2 show, this possible behavior has to be ruled out because of the impossibility of finding another critical point capable of reproducing a true MDE.
In terms of the late time evolution of the Universe, there is two critical points capable of providing accelerated solutions, namely P 4 and P 5 . The first one represents a pure dark energy solution (Ω de = 1) with a null contribution of the bulk viscosity pressure, z = 0. Whereas, the latter corresponds to a scaling solution between dark matter and dark energy where the bulk viscosity contributes with a negative pressure term, namely z < 0, Π < 0. In both cases, the effective EOS parameter depends on the barotropic index of the dark energy fluid: w ef f = 1 − γ de . This means that the only possible way to achieve a phantom solution is if the dark Fig. 1 Projections of some orbits of the phase space of the autonomous system (16) (17) (18) in the subspace (x,y). The free parameter (ξ 0 , γ de ) have been chosen as (0.0008, 0, 04). All the orbits start at the stiff matter solution P 1 evolving to a RDE solution P 2 . From this latter critical point the orbits approach to the saddle MDE solution P 3 . For the previous choice of the free parameter, the attractor solution is always the quintessence solution P 5 .
energy fluid is phantom, otherwise is impossible. Even in the case of P 5 , where the bulk viscosity pressure is negative (z < 0, Π < 0), the effective EOS parameter is independent of the value of Π. As Tables 1 and  2 shows, in the case of a phantom dark energy fluid (γ de < 0), the only possible late time scenario is the stable phantom solution P 4 8 . However, in the case of a quintessence dark energy fluid (0 < γ de < 2/3) the late time behavior of the model allows a transition between two quintessence solutions, from P 4 (saddle) to P 5 (stable). If we impose the condition (22) to ensure a true MDE and take into account the latest constraint on the value of the dark energy EOS [7] , P 4 and P 5 become almost indistinguishable in the phase space as x → 0, y → 1 and z → 0. Figure 1 shows projections of some example orbits in the plane (x = Ω dm , y = Ω de ) to illustrate the above scenario.
Concluding remarks
In this work, we studied the dynamics of a model of the Universe filled with radiation, dark matter, and dark energy. The dark matter component was treated as an imperfect fluid having bulk viscosity in the framework of a Maxwell-Cattaneo approach. Whereas the remaining fluids were considered as perfect fluids. The bulk viscosity was taken as proportional to the Hubble parameter ξ 0 ∝ H [53, 37, 54] .
In order to investigate the asymptotic evolution of the model, we performed a dynamical system analysis. This analysis was based on the requirement of a transition from a RDE to a MDE, at early and intermediate stages, to finally converge to an accelerated solution at late times. This statement, together with a recent estimation of the dark matter EOS reduce the bulk viscosity parameter to a very small region, namely 0 < ξ 0 < 0.000896. This result reproduces similar results obtained in the non-causal Eckart framework in [34, 35, 38, 39] and more recently by [62] in the Israel−Stewart formalism.
In the absence of a dark energy fluid, the model is able to reproduce a stable accelerated solution in the quintessence region due to the contribution of the bulk viscosity pressure. However, this solution is ruled out as a possible answer to the present period of accelerated expansion of the Universe since it is impossible to reproduce previous periods of radiation and dark matter domination.
From the stability point of view, the late time attractor, compatible with previous stages of radiation and matter dominations, is always an accelerated solution. This can be a phantom(P 4 ) or quintessence (P 5 ) solutions. The nature of both possible solutions depends only on the barotropix index of the dark energy fluid, namely γ de . Hence, the only way this model is able to cross the phantom divide (w ef f < −1) is taking a phantom fluid (γ de < 0) as a dark energy source. Thus the possible transitions are: P 2 (RDE)→ P 3 (MDE)→P 4 or P 2 (RDE)→ P 3 (MDE)→P 4 →P 5 .
In all the cases, the source of any orbits in the phase space is the stiff matter solution P 1 9 . Contrary to the late time case, this point exhibit a contribution of a positive bulk viscosity pressure. This explains the extremely high values taken by the z variable, and consequently by the bulk viscosity pressure Π, at this period of the evolution of the Universe in this model.
